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Answer THREE questions.

1. i. For ¥ aset of sentences of Sentential Logic it holds that “if ¥ |= ¢,
then there is some finite 3y C ¥ such that ¥y = ¢”. Use this to
prove the compactness theorem.

ii. Assume that every finite subset of 3 is satisfiable. Show that, for
any propositional sentence «, the same holds for at least one of
Y U{a} and X U {-a}.

iii. Let A be a set of sentences of Sentential Logic such that every
finite subset of A is satisfiable and for every sentence ¢, ¢ € A or
—¢ € A. Define the truth valuation v by v(P) =T if P € A and
v(P) = L if P ¢ A for each propositional variable P. Show that
for every sentence ¢ we have: v(¢) = T iff ¢ € A.

2. (a) Show the following facts, using the Truth Definition.

(i) a A Jzf and Jz(a A §) are logically equivalent if 2 does not
occur free in a.
(i) Jz(Azr — VzAz) is true in all structures.
(iii) Jz(3xAx — Ax) is true in all structures.
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3. The axiom groups of First Order Predicate Logic with Identity, FOL =,
are all universal generalisations of formulas of the following form:

All tautologies

Vrxa — af where t is substitutable for  in «
Ve(a — ) — (Vea — V)

a — Vza where x does not occur free in «
r=x

r=y— (o — )

SER

Let = be the logical consequence relation of FOL = obtained from
these axiom groups together with the inference rule Modus Ponens.
(a) What does it mean that ¢ is ‘substitutable’ for x in a?
(b) Show that if - o — (3 then F Vza — Va3
(c¢) Show (by induction on the length of a proof) that if I' F a and =

does not occur free in any formula of I' then I' - Vza

4. Let s; and sy be (valuation) functions from the set of variables V' of
a first order language into |A|. Let s; and sy agree on all the free
variables of the formula ¢.

(a) show, by induction on the degree of ¢, that if ¢ is a term of ¢ then
51(t) = 5:2(1).
(b) show, by induction on the degree of ¢, that F 4 ¢[s1] iff E4 ¢[ss].
5. (a) State the completeness theorem for first order predicate logic with
identity.

(b) State the compactness theorem for first order predicate logic with
identity and derive it from the completeness and soundness theo-
rems.

(c) State the Lowenheim-Skolem theorem for first order predicate
logic and derive it from the completeness theorem.
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(d)

Show that if I is a set of sentences of any language and I' has only
infinite models, then I" has infinite models of any cardinality [you
may assume that a consistent set of sentences remains consistent
if its language is extended by the addition of any cardinality of
new constants].

6. Let 91 be the standard structure of natural numbers with domain N.
For every n € N let s,, be the name of n in the first-order language of
arithmetic and let y be a fixed variable.

(i)

Show that
YX=ThMN)U{s, <y|neN}

is satisfiable (where Th(91) is the set of sentences true on the
standard structure of natural numbers).

Let w be the rule

“IfI' = ¢F for every n € N, then I' - Vg.”

Show that X is inconsistent when this rule is added to the Predi-
cate Calculus.

7. Let I' be a set of sentences in the language of arithmetic that is maximal
w.r.t. the property that I' ¥ « for some fixed o (maximality means here
that if 5 ¢ I then ' U {8} F «).

(i)
(i)

Show that I' is complete.

Given that A C ' C Th(M), outline a proof that I' is not ax-
iomatizable (where A is a finite axiomatization of a subtheory of
Th(M) in the full language of arithmetic and Th(N) is the set of
sentences true on the standard structure of natural numbers).

8. Outline a proof of Tarski’s Undefinability Theorem and discuss its con-
nection with Godels Incompleteness Theorem.

9. 1

Let I be a recursive set of sentences. Argue that the relation
Dedr(z,y) given by

Dedr(z,y) <= =z is a the code of a sentence and y is the
code of sequence-of-formulas that constitutes a deduction
of that sentence from I,



1S recursive.
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ii. Outline a proof that a relation P is recursively enumerable if and
only if it is weakly representable in Ag.

10. Given that Ag is a finitely axiomatized theory in the first-order lan-
guage of arithmetic, such that every recursive relation is representable
in Ag, prove:

i. For any recursive relation R there is a formula that represents R
in any theory ¥ in the language of arithmetic such that Ag UX is
consistent.

ii. If ¥ is a theory in the language of arithmetic such that Agp U is
consistent, then Y is not recursively decidable.
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