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Answer THREE questions.

1. 1 For X a set of sentences of Sentential Logic it holds that “if & E &,
: then there is some finite £y C ¥ such that ¥y = ¢”. Use this to
prove the compactness theorem.

1i. Assume that every finite subset of ¥ is satisfiable. Show that, for

any propositional sentence «, the same holds for at least one of
LU {a} and T U {-a}.

iii. Let A be a set of sentences of Sentential Logic such that every
finite subset of A is satisfiable and for every sentence ¢, ¢ € A or
¢ € A. Define the truth valuation v by v(P) = T if P € A and

v(P) = L if P ¢ A for each propositional variable P. Show that
for every sentence ¢ we have: v(¢) = T iff ¢ € A.

2. 1 State the soundness theorem for Predicate Logic and show how
this theorem entails that the Predicate Calculus is consistent.

ii. State the completeness theorem for the Predicate calculus and
show how it follows from the Consistency Lemma: “every consis-
tent set is satisfiable.”

Question continues on next page TURN OVER
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3.

4.

iii. Prove the compactness theorem: if ® is a set of formulas such
that every finite subset of ® is satisfiable, then @ is satisfiable.
(You may assume the soundness and completeness of the Predicate
Calculus).

Show the following facts, using the Truth Definition.

(i) @ — VzB and Vz(a — f) are logically equivalent if z does not

occur free in a.

(ii) Jz(Az — VzAz) is true in all structures.

(iii) 3z(dzAz — Az) is true in all structures.
Suppose ¢y, ..., d, is a deduction of Az from & where A is a unary
predicate symbol and the variable £ does not occur free in ®. Prove
that ® - Vz Az by induction on n.
In your proof you may use all tautologies plus the axioms

(i) Vz(a — B) — (Vza — Vz)

(i) @ — Vza, for z not free in o

(iii) Vz,Vzy...Vz,a for any variables z; ...z, and any axiom o of the
Predicate Calculus.

. Let £ be the first order language of arithmetic and let the binary pred-

icate letter ‘<’ be defined by t < s =g Jy(y # 0 A t+y ~ s). Consider
the set

¥ = {Vz—(z < 7),VaVy¥a((z < y Ay < z) = T < 2)}

(i) Show, by giving a deduction, that £, F VazVy(z <y — —y < z)
(Hint: show that £; U {(a < b),(b < a)} is inconsistent for a,b
not occurring in %; and proceed from there.)

(i) Let &y =327 U{Vz3y(z <y)}

Argue that ¥, has no finite models.
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6. A formula is said to be prenexr when it is of the form

Q1T1Q2%5 . .. QnTra

where each Q; is either ¥ or 3 and « contains no quantifiers.

(a)

(b)

Let L be a first order language with — as its only sentential con-
nective. If a is a formula of L containing n + 1 instances of the
quantifier symbols, show (by induction on the degree of a) that
there is a logically equivalent formula of the form QxS (where @
is ¥ or 3) such that 8 contains only n occurrences of the quantifier
symbols.

You may assume the bound variables may be freely renamed
and you may assume the following theorems: —Vz¢ < Jz—¢;
—3z¢ — Vzr—¢. And provided z does not occur free in 1), you may
assume: (1 — Y2g) o Vo( — @); (i — 3u¢) o Jz(p — @) ;
(V2 — ¥) — 3a( — ); (Fod — ¥) o Va(¢ — ).

Conclude that for every formula of L there is a logically equlivalent
prenex formula of L.

7. Let 91 be the standard structure of natural numbers with domain N.
For every n € N let s, be the name of n in the first-order language of
arithmetic and let y be a fixed variable.

(1)

(i)

Show that
E=ThMU{s,#Zy|neN}

is satisfiable (where Th(91) is the set of sentences true in the stan-
dard structure of natural numbers).

Let w be the rule
If T+ ¢% for every n € N, then I' - Vz¢.

Show that ¥ is inconsistent when this rule is added to the Predi-
cate Calculus.

TURN OVER
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10.

Let I be a set of sentences in the language of arithmetic that is maximal
w.r.t. the property that I" / « for some fixed o (maximality means here
that if 3 ¢ I' then T U {8} F ).

(1) Show that I' is complete.

(i) Given that Ag C T' € Th(9), outline a proof that I is not axiom-
atizable (where Th(91) is the set of sentences true on the standard
structure of natural number).

. Outline a proof of Tarski’s Undefinability Theorem and discuss its con-

nection with Godels Incompleteness Theorem.
i. Let T be a recursive set of sentences. Argue that the relation
Dedr(z,y) given by

Dedr(z,y) <= =z is the code of a sentence and y is the
code of sequence of formulas that constitutes a deduction
of that sentence from T,

is recursive.

ii. Outline a proof that a relation P is recursively enumerable if and
only if it is weakly representable in Ag.
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